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Abstract
If X is a Tychonoff space, a zero-set Z of X is z-complemented in X if there exists a zero-set Ẑ of
X such that Z ∪ Ẑ = X and Z ∩ Ẑ is nowhere dense in X. The notion of z-complemented zero-sets
arises in determining the rings of continuous functions C(X) having the property that the total ring
of quotients T (C(X)) is von Neumann regular. In this note, we first examine conditions on a space
X under which every zero-set is z-complemented. Then in Section 4 we relate z-Gabriel filters in the
ring C(X) to certain filters of open sets of X and in some instances we show how the localization of
C(X) at such a filter is isomorphic to a ring of partial functions on a subspace of X.
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1. Preliminaries
All given rings are assumed to be commutative rings with identity, and all given
topological spaces are assumed to be Tychonoff. Background on topological and algebraic
notions can be found in [4,2,5].
If X is a space, C(X) denotes the ring of continuous real-valued functions with domain
X. For a ring R, the total (or classical) ring of quotients of R, denoted T (R), is the
localization of R at the multiplicative set of non-zero-divisors, that is, T (R) is the ring
obtained by adjoining to R an inverse for each non-zero-divisor of R. Given a space
X, we are interested in determining whether T (C(X)) is von Neumann regular. This
question can be formulated purely topologically (see Proposition 1.2 below). In Section 4
we examine general localization theory in the ring C(X) by defining an analog for a
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Gabriel filter of ideals (of C(X)) as a certain filter of open sets of X. In a generalization
of [3, Theorem 2.6] we show that for certain Gabriel filters of ideals of C(X), the ring of
quotients is isomorphic to a ring of partial functions on a subspace of X.
Definition 1.1. Suppose that X is a space and Z is a zero-set of X. Then Z is z-
complemented in X if there exists a zero-set Ẑ of X such that Z ∪ Ẑ = X and Z ∩ Ẑ
is nowhere dense in X. The zero-set Ẑ is called a z-complement of Z. The space X is
z-good if every zero-set of X is z-complemented in X; otherwise, X is z-bad.
We note that the notion of a z-complemented space is often expressed in terms of
the complementary cozero sets. With this viewpoint, X is z-good (usually called cozero
complemented) if given a cozero-set C of X, there exists a cozero-set Ĉ such that C ∪ Ĉ
is dense in X and C ∩ Ĉ = ∅. For g ∈C(X) we let Coz(g) and Z(g) denote the cozero-set
and the zero-set of g, respectively.
The relevance of these definitions is the following basic result. For a proof see [1,
Theorem 2.3].
Proposition 1.2. Suppose X is a space. Then T (C(X)) is von Neumann regular if and only
if X is z-good.
Therefore, the question we are interested in can be addressed without any reference to
algebra. The characterization in Proposition 1.2 allows us, when convenient, to consider
compact spaces, because of the following observation. For this proposition we recall that a
subset X of a space Y is z-embedded in Y if each zero-set of X is the intersection with X
of a zero-set of Y .
Proposition 1.3. Suppose X is a dense subset of Y and that X is z-embedded in Y . Then X
is z-good if and only if Y is z-good. In particular, X is z-good if and only if βX is z-good.
Proof. Suppose first that X is z-good. Let Z be a zero-set of Y . Then the zero-set
ZX = Z∩X of X has a z-complement ẐX in X. Let Ẑ be a zero-set of Y whose intersection
with X is ẐX. It follows from the fact that X is dense in Y that Ẑ is a z-complement of Z
in Y .
Now suppose that Y is z-good. Let Z be a zero-set of X and let K be a zero-set of Y
whose intersection with X is Z. If K̂ is a z-complement of K in Y , then Ẑ = K̂ ∩ X is a
z-complement of Z in X. 
We will need a few more definitions.
Definition 1.4. Suppose X is a space and x ∈ X. Then x is a P-point of X if every zero-set
of X containing x is a neighborhood of X. The point x is an almost-P-point of X if every
zero-set of X containing x has non-empty interior in X. The space X is an [almost-]P-
space if every element of X is an [almost-]P-point.
We end this section by giving some simple examples of spaces which are z-good and
some which are not. The following observation will be of help.
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Proposition 1.5. Suppose that X is a space with the property that for each cozero-set C
of X, the closure ClX C is a zero-set of X. Then X is z-good.
Proof. If Z is a zero-set of X, then, since cozero-sets have zero-set closures, the set
Ẑ = ClX(X \Z) is a z-complement of Z. 
Examples 1.6 and 1.7 are immediate from Proposition 1.5.
Example 1.6. Every metric space is z-good. More generally, every perfectly normal space
is z-good.
Example 1.7. Every P-space is z-good. More generally, every basically disconnected space
is z-good. In particular, βω, being basically disconnected, is z-good.
The next example shows that not all spaces are z-good.
Example 1.8. If X is an almost-P-space which is not a P-space or, more generally, if X
has an almost P-point which is not a P-point, then X is z-bad. Thus, for example, if D
is an infinite discrete space, then βD \ D is z-bad and if D is uncountable, the one-point
compactification of D is z-bad.
Proof. Let x be an almost-P-point of X which is not a P-point. Since x is not a P-point,
there exists a zero-set Z of X such that x ∈ Z but x /∈ IntX Z. If Ẑ were a z-complement
of Z, then x ∈ Z ∩ Ẑ but IntX Z ∩ Ẑ = ∅, contradicting the fact that x is an almost-P-
point. 
The examples we have just given suggest several questions. Do all z-good spaces have
the property described in Proposition 1.5? Do z-bad spaces necessarily contain almost-P-
points which are not P-points? If not, what nice properties can z-bad spaces have? We will
address these questions below.
2. Some z-bad spaces without almost-P-points
We now answer one of the questions posed at the end of the last section. In particular,
we show that the product (βω \ω)×[0,1] is z-bad (even though every point of the product
is an element of a nowhere-dense zero-set).
Theorem 2.1. Suppose that X is an almost-P-space and M is a compact metric space.
Then X × M is z-good if and only if X is a P-space.
Proof. Suppose first that X is not a P-space. Let w be an element of X such that w is
not a P-point. Then there is a zero-set Ẑ = Z(fˆ ) of X such that w ∈ Ẑ \ IntX Ẑ. Define
f :X × M → R by f (x, y) = fˆ (x). Then f is clearly continuous. Let Z = Z(f )(=
Ẑ × M). We claim that Z is not z-complemented in X × M . Suppose K were a zero-set
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of X×M such that Z∪K = X×M and IntX×M(Z∩K) = ∅. Let C be a countable dense
subset of M . For each c ∈ C, let K ∩ (X × {c})= Ac × {c}. Then, A =⋂c∈C Ac, being an
intersection of countably many zero-sets of X, is a zero-set of X. Furthermore, A×C ⊆ K .
Since K is closed in X × M and A × C is dense in A× M , A× M ⊆ K . By assumption,
IntX×M(Z ∩ K) = ∅, so IntX×M(Z ∩ (A × M)) = ∅, and, therefore, IntX(A ∩ Ẑ) = ∅.
Since w is in the boundary of Ẑ, w ∈ Ac for each c ∈ C, that is, w ∈ A. Since we chose
w ∈ Ẑ, we have w ∈ A ∩ Ẑ, which is nowhere-dense in X contradicting the assumption
that non-empty zero-sets in X have non-empty interiors in X.
Now suppose that X is a P-space. Let K be the set of zero-sets of M . For K ∈ K, let
K# = ClM(M \ K). Notice that K# ∈ K and that K# is a z-complement of K in M . For
K ∈K, let FK ∈ C(M) be a function such that Z(FK) = K .
Now suppose Z = Z(f ) is a zero-set of X × M . For each x ∈ X, let fx ∈ C(M) be
defined by fx(m) = f (x,m) and let Kx = Z(fx). Let H =⋃x∈X{x}×K#x . We claim that
(i) H is a zero-set of X × M , and
(ii) H is a z-complement of Z in X ×M .
The proof of each of these claims will follow from:
(i) For each x ∈X, there exists a neighborhood Ux of x such that for all
(z,m) ∈ Ux ×M, f (z,m) = f (x,m).
(In other words, there is, for each x ∈ X, a neighborhood Ux of x such that the restriction
of f to Ux × {m} is constant for each m ∈ M .) To prove (i), suppose x ∈ X. Let C
be a countable dense subset of M . Since x is a P-point, for each c ∈ C, there exists a
neighborhood Ux(c) such that f (z, c) = f (x, c) for all z ∈ Ux(c). Let Ux =⋂c∈C Ux(c).
Then Ux is a neighborhood of x because C is countable and x is a P-point. If z ∈ Ux ,
then f (z, c) = f (x, c) for all c ∈ C, and since C is dense in M and f is continuous,
f (z,m)= f (x,m) for all m ∈ M . Therefore, (i) holds.
To prove (ii), define g :X×M →R by g(x,m) = FZ(fx)# . Notice that if Ux is as in (i),
and if z ∈ Ux , then Z(fz) = Z(fx); hence, Z(fz)# = Z(fx)#. Therefore, if Ux is as in (i),
then g(z,m) = g(x,m) for all z ∈ Ux , and so, since FZ(fx)# is continuous on M , g is
continuous on X ×M . Finally, (iii) is immediate from (i) and the fact that for any zero-set
K of M , the zero-set K# is a z-complement of K in M . 
Example 2.2. It follows from Proposition 2.1 that (βω \ω)× [0,1], which has no almost-
P-points, is z-bad.
3. Good z-bad and bad z-good spaces
In this section, we give examples of z-bad spaces which have many nice topological
properties. Answering one of the questions asked at the end of Section 1, we describe
a z-good space which has a cozero-set whose closure is not a zero-set.
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The authors are grateful to the referee for pointing out an error in the original statement
of the following lemma. As the referee pointed out, this mistake also led to an incorrect
proof of Proposition 3.4 below.
Lemma 3.1. Suppose X is a compact Hausdorff space and D is a dense uncountable set
of isolated points of X such that X \D is metrizable. Then there exists a countably infinite
subset C of D such that ClX C ⊇ X \D.
Proof. Let M = X \D. Then M is compact metric, so it has a countable base B. For each
B ∈ B, choose pB ∈ B and let UB be an open subset of X such that UB ∩ M = B , and
let VB be a compact neighborhood of pB in X such that VB ⊆ UB . Let CB be a countably
infinite subset of VB ∩D. Then CB has a limit point in B . (In fact, ClX CB is a compact set
such that every point is a Gδ-set, so every point is a point of first countability and therefore
a limit of a sequence in CB , but this is irrelevant to the proof.) Let C =⋃B∈BCB . Then C
is a countable set of D such that M ⊆ ClX C. 
Definition 3.2. Suppose M is a compact space. Then M is called a weak 0-extension of M .
If n is a positive integer, then a compact space X is called an weak n-extension of M if X
has a dense set D of isolated points such that X \ D is an weak n − 1 extension of M . If
n is a positive integer, an n-EXTENSION of M is a weak n-extension whose set of isolated
points is uncountable.
Suppose that n is a positive integer and X an n-extension of the metric space M . Write
X as M ∪ D1 ∪ D2 ∪ · · · ∪ Dn where D1 is the set of isolated points of X and for each
k > 1, Dk is the set of isolated points of X \⋃k−1j=1 Dj . For each p ∈ X \M , let kp be such
that p ∈Dkp .
Lemma 3.3. Suppose that m is a positive integer and Y is an m-extension of the metric
space W such that for some countable subset C of Dm, W ⊆ ClX C. Suppose further that
for each p ∈ Y \W , there is a clopen neighborhood Vp of p such that Vp ∩Dkp = {p} and
Vp contains only countably many isolated points of Y . Then Y is z-bad.
Proof. Write C as {ck: k ∈ ω}. Define f ∈ C(Y ) by f  Vc0 ≡ 1, f  Vck \
⋃
i<k Vci ≡ 1k+1
for k > 0, and f (x) = 0 otherwise. Then coz(f ) contains only countably many isolated
points of Y , namely, the isolated points of
⋃
k∈ω Vck . We claim that if Z = Z(f ), then Z
is not z-complemented in Y . First, we show: (∗) If K is a compact subset of Y which does
not intersect W , then K contains only countably many isolated points of Y . To establish
this, note that {Vq | q ∈ K} is an open cover of K and therefore has a finite subcover
{Vq0, . . . , Vqr }. Each of the sets Vqi contains only countably many isolated points of Y
by assumption, so K contains only countably many isolated points of Y . This proves
(∗). Since a cozero-set is an Fσ -set, every cozero-set of Y which does not intersect W
contains only countably many isolated points of Y . Now suppose that H is a zero-set of
Y such that Z ∪ H = Y and Z ∩ H is nowhere-dense in Y . In particular, Z ∩ H contains
no isolated points of Y . Now C ⊆ coz(f ) ⊆ H , and since H is closed and W ⊂ ClX C,
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W ⊆ H . Therefore, the cozero-set Y \ H contains only countably many isolated points,
and therefore H ∩Z contains an isolated point of Y . This is a contradiction. 
Proposition 3.4. Suppose n is a positive integer and X is an n-extension of the metric
space M . Then X is z-bad.
Proof. For each p ∈ X \M , let Up be a clopen neighborhood of p such that Up ∩Dkp =
{p}. (Such a clopen neighborhood exists because the space obtained by collapsing M to a
single point is compact and scattered, and, therefore, zero-dimensional.) We consider two
cases. First, suppose that for every p ∈ X \ M , the set Up contains only countably many
isolated points of M . By Lemma 3.1 (applied to M ∪Dn), there exists a countable subset C
of Dn such that M ⊆ ClX C, so Lemma 3.3 applies to X (with m = n, Y = X, W = M , and
Vp = Up) and we are done. The other possibility is that there exists a p ∈X \M such that
Up contains uncountably many isolated points of X. Then there exists such a p such that
kp is as small as possible. Clearly, p is not an isolated point of X so kp  2. The clopen
subspace Y = Up of X is an m-extension of the metric space W = {p} for m = kp − 1.
For q ∈Up take Vq = Up ∩Uq . Then by the minimality of kp, each of the sets Vq contains
only countably many isolated points of X and hence, only countably many isolated points
of Up . Furthermore, since p is the only limit point of Dm∩Up , p is a limit point of some—
in fact, any—countably infinite subset of Dm ∩ Up. Therefore, Lemma 3.3 applies (with
Y = Up and W = {p}), so Up is z-bad. Since Up is clopen in X, X is also z-bad. 
Example 3.5. A special case of Proposition 3.4 is the Alexandroff duplicate of [0,1]. Thus,
there exists a first countable, compact z-bad space.
Example 3.5 shows that z-bad spaces need not even have subspaces which have almost-
P-points which are not P-points. However, there is a perfect map from the Alexandroff
duplicate of [0,1] to the one-point compactification of the discrete space of size c which is
an almost-P-space which is not a P-space. Therefore, one might speculate that the perfect
preimages of z-bad spaces are z-bad. However, if D is an uncountable discrete space, the
z-good space βD maps onto the one-point compactification of D, which is z-bad, and
which, in turn, maps onto the one-point space which is z-good. Since each of these spaces
is compact, each of these maps is perfect. Therefore, neither z-goodness nor z-badness is
preserved by either perfect maps or inverse images of perfect maps.
We know from Proposition 1.5 that if the closure of every cozero-set in a space X is a
zero-set of X, then X is z-good. We now turn to the question of whether the converse of
this statement holds.
Proposition 3.6. Let S = D ∪ {∞} be the one-point compactification of an uncountable
discrete space. Let (M,ρ) be a metric space. Suppose p ∈ M . Let X = (D × M) ∪
{(∞,p)} ⊆ S ×M . Then every zero-set in X has a z-complement if and only if p is not an
isolated point of M .
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Proof. If p is an isolated point of M , then S × {p} is a clopen subset of M which is
homeomorphic to S, so X has an almost-P-point which is not a P-point. Therefore, X has
a zero-set which is not z-complemented.
For the converse, suppose that p is not isolated in M . Let Z be a zero-set of X.
For each d ∈ D, let Ẑd be a zero-set of {d} × M such that Ẑd is a z-complement of
Z ∩ ({d} × M) in {d} × M . Then for each d ∈ D, there exists a continuous function
fd : {d} × M → R such that 0  fd(d, y)  1 for all y ∈ M and Z(fd) = Ẑd . Define
f :X → R by f ((d, y)) = fd(y, y) · ρ(p,y) and f ((∞,p)) = 0. Then f is continuous,
and if Ẑ = Z(f ), then Ẑ is a z-complement of Z in X. 
Example 3.7. If in Proposition 3.6 we let M = [0,1] and p be any element of M , then the
space X has a cozero-set whose closure is not a zero-set.
Proof. Let C be a countable subset of D and let U = C ×M . Then U is a cozero-set, but
its closure in X is U ∪ {(∞,p)} which is not a zero-set of X (because every zero-set of X
which contains (∞,p) intersects {d} × M for a co-countable set of d’s). 
4. Gabriel filters
A collection of ideals of a commutative ring R is called a filter if it is closed under
the operation of taking finite intersections and such that any ideal containing an element
of the collection is in the collection. A filter of ideals F of a commutative ring R
is called a Gabriel filter if it satisfies the additional property that if I is an arbitrary
ideal and J is an element of F such that for all a ∈ J , a−1I ∈ F , then I ∈ F (where
a−1I = {b ∈ R: ba ∈ I }). More generally a filter is called multiplicative if it satisfies the
weaker condition that the ideal IJ is in F whenever I, J ∈F .
Associated to a multiplicative filter F is a left exact functor qF on the category of R
modules (i.e., for M an R-module, qF (M) is also an R-module) defined by
qF (M) =
⋃
I∈F
Hom(I,M),
where we identify two elements f1, f2 of this set if they agree on an ideal J ∈F contained
in the intersection of their domains of definition. Addition is defined in the obvious fashion.
When M = R we can define multiplication for f,g ∈ qF (R) with domains I and J ,
respectively, as follows: The product of f and g is the composition f ◦ g defined on
the ideal IJ . With this definition, qF (R) is a commutative ring and the map from R to
qF (R) given by r goes to multiplication by r is a ring homomorphism. For a discussion on
multiplicative filters and Gabriel filters in a real closed ring, see [6]. When F is a Gabriel
filter, the localization of the ring at F is given by qF (qF (R)); we denote this functor by
QF . For a multiplicative filter F one defines the torsion submodule tF (M) of an arbitrary
module via tF (M) = {m ∈ M: mI = 0 for some I ∈ F}. It is not difficult to see that this
subset is a submodule. Moreover, when F is a Gabriel filter, one can show that
QF (M) =
⋃
I∈F
Hom
(
I,M/tF (M)
)= qF (M/tF (M)).
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For basic definitions and results on Gabriel filters and localizations see [7].
A standard example of a Gabriel filter in any commutative R is to let F be the set of
dense ideals, i.e., I ∈F if xI = 0 implies x = 0 for any x ∈ R. The ring of quotients of R
with respect to this filter is called the complete ring of quotients of R and is denoted Q(R).
Now we return to rings of functions. Let X be as usual and let F be a filter of open
sets in X, that is, a collection of non-empty open subsets of X which is closed under finite
intersections and such that an open superset of an element of the collection is again an
element of the collection. One can define a ring of partial functions CF(X) by
CF(X) =
⋃
U∈F
C(U),
where we identify two elements g1, g2 if they agree on an element of F which is contained
in the intersection of their domains of definition. Again there is a natural ring structure on
this set and a ring homomorphism from C(X) to CF(X) since X ∈ F.
For an ideal I of C(X), let Coz(I) =⋃g∈I Coz(g). It is not difficult to see that the ideal
I is dense if and only if Coz(I) is a dense subset of X. In [3, Theorem 2.6], the authors
showed that the two rings Q(R) and CF(X), where F is the filter of open dense sets, are
isomorphic. In this section we generalize this result in two ways. The first (Theorem 4.1)
is for an arbitrary filter of open sets in X and the associated multiplicative filter of ideals
of C(X) (see below for a definition). The second (Proposition 4.9), is for certain filter of
open sets and the associated Gabriel filter of ideals of C(X).
Let F be a filter of open sets of X. Define an associated filter F of ideals of C(X) by
declaring I ∈ F if Coz(I) ∈ F. This is clearly a filter of ideals which is multiplicative,
since it is not difficult to show that Coz(IJ ) = Coz(I) ∩ Coz(J ).
The following is a minor modification of the proof in [3].
Theorem 4.1. Let F be a filter of open subspaces of X and let F be its associated filter of
ideals of C(X). Then the rings CF(X) and qF (C(X)) are isomorphic.
Proof. We first define a map ϕ :qF (C(X)) → CF(X). Let f ∈ Hom(I,C(X)), where
I ∈ F . We want a real-valued continuous function ϕ(f ) on Coz(I). If x ∈ Coz(I), then
there exists g ∈ I such that g(x) = 0. We define ϕ(f ) : Coz(I) →R by
ϕ(f )(x)= f (g)(x)
g(x)
.
We need to show that the definition is independent of our choice of g. Suppose that
there exists another function h ∈ I such that h(x) = 0; we need to show that
f (g)(x)
g(x)
= f (h)(x)
h(x)
.
Or equivalently f (g)(x)h(x) = f (h)(x)g(x). But, since f is a C(X)-module homomor-
phism, we have f (g)(x)h(x) = [f (g)h](x) = [f (gh)](x) = [f (h)g](x) = f (h)(x)g(x).
Thus for each x ∈ Coz(I), ϕ(f ) is defined and continuous on a neighborhood of x .
Since the functions agree on any overlap between neighborhoods, ϕ(f ) is continuous
on its domain, namely Coz(I). Hence ϕ is a well defined map which, since Coz(IJ ) =
Coz(I)∩ Coz(J ), can easily be shown to be a ring homomorphism.
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Next construct an inverse for ϕ. Let U ∈ F and let I  = {g ∈ C(X): Cl(Coz(g)) ⊂U
U}. Since X is Tychonoff, every open set is the union of the closure of Coz(gi) for
some collection gi ∈ C(X). Thus Coz(I U ) = U and therefore I U ∈ F . We now define
ρ :CF(X) → qF (C(X)). Let g ∈ C(U) for some U ∈ F. Define ρ(g) : I U → C(X) via
ρ(g)(h) = ĝh, where for any h ∈ I U , ĝh(x) = g(x)h(x) if x ∈ U and 0 otherwise. To see
that ĝh is a continuous function note that its restriction to both the complement of Coz(g)
and to Cl(Coz(g)) is continuous and the union of these two closed sets is X. It is not
difficult to check that ρ is the inverse of ϕ. Thus the rings are isomorphic as stated. 
Call a filter F of opens subsets of X a Gabriel filter if the associated filter of ideals
of C(X) is Gabriel. We have the following corollary for Gabriel subfilters of the filter of
dense sets.
Corollary 4.2. Let F be a Gabriel subfilter of the filter of open dense sets in X and let
F be its associated filter of ideals of C(X). Then the rings CF(X) and QF (C(X)) are
isomorphic.
Proof. This is immediate since tF (C(X)) = 0. 
Next we give an internal criterion for a filter of open subsets to be Gabriel. First we
need a lemma. In the following, for U an open subset of X, we use IU to denote the ideal
{g: Coz(g) ⊂ U}. Since X is assumed to be Tychonoff, Coz(IU ) = U .
Lemma 4.3. Let U be an open set in X and let g ∈ C(X). Then Coz(g−1IU ) = Int(U ∪
Z(g)).
Proof. Let y ∈ Int(U ∪Z(g)). Then there exists h ∈ C(X) such that y ∈ Coz(h) ⊂ Int(U ∪
Z(g)). We claim that h ∈ g−1IU . It will suffice to show that Coz(hg) ⊂ U . If x ∈ Coz(hg),
then h(x) = 0 and g(x) = 0. But Coz(h) ⊂ U ∪Z(g), so g(x) = 0 implies x ∈ U . Thus the
claim is proved and so y ∈ Coz(h) ⊂ Coz(g−1IU ). Hence Int(U ∪Z(g)) ⊂ Coz(g−1IU ).
For the reverse containment, let y ∈ Coz(g−1IU ). Then y ∈ Coz(f ) for some f ∈
g−1IU . Observe that we must have Coz(f ) ∩ Coz(g) ⊂ U , since Coz(fg) = Coz(f ) ∩
Coz(g). Thus if y ∈ Coz(g), then y ∈ U . Otherwise y ∈Z(g). In either case y ∈U ∪Z(g).
Hence Coz(g−1IU ) ⊂ U ∩ Z(g). Since Coz(g−1IU ) is an open set we have the inclusion
Coz(g−1IU ) ⊂ Int(U ∪Z(g)). 
Theorem 4.4. Let F be a filter of opens sets on the space X. Then F is Gabriel if and
only if it satisfies the following: Let {gk}k∈K be a collection of elements of C(X) such that⋃
Coz(gk) ∈ F. Let V be any open set such that for each k ∈ K , V ∪ Z(gk) contains an
element of F. Then V ∈ F.
Proof. First suppose that F is Gabriel. Let {gk}k∈K be a family of functions in C(X) such
that
⋃
Coz(gk) ∈ F. Let V be an open set such that V ∪ Z(gk) contains an element of F
for each k ∈ K . We want to show that V ∈ F. It will suffice to show that IV ∈ F , since
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Coz(IV ) = V . Let J be the ideal generated by the set {gk}k∈K , so J ∈ F . By Lemma 4.3
it follows that g−1k IV ∈ F for all k ∈ K . Hence h−1IV ∈ F for all h ∈ IV . Since F is a
Gabriel filter, IV ∈F .
Now suppose that F satisfies the stated condition. Let J and I be ideals of C(X) such
that J ∈ F (i.e., Coz(J ) ∈ F). Furthermore, assume that h−1I ∈ F for all h ∈ J . If we let
U = Coz(J ) and V = Coz(I), then Coz(h−1I) ∈ F for all h ∈ J . Thus by Lemma 4.3 we
have V ∪ Z(h)h∈J contains an element of F. Therefore by our assumption, V ∈ F and so
I ∈F . 
If F is a Gabriel filter of the ring C(X) which comes from a filter of open sets of X,
then F satisfies the property that whenever I is an arbitrary ideal and J ∈ F such that
Coz(J ) ⊂ Coz(I), then I ∈F . Call any filter of ideals with this property a z-Gabriel filter.
If F is a z-Gabriel filter of C(X), then the family {Coz(J ): J ∈F} is a Gabriel filter of X
(since its associated filter of ideals is clearly F ). Thus there is a bijection between Gabriel
filters of open sets of X and z-Gabriel filters of C(X).
Next we examine some examples of Gabriel filters of a space X.
Example 4.5. Let X be any nonempty space and let Y be a nonempty subspace. Let F be
the set of open subsets U of X such that U ∩ Y is dense in Y . Then F is a Gabriel filter.
To see this let U =⋃Coz(gk) ∈ F for some collection {gk} ⊂ C(X) and let V be an open
set such that V is not in F. We will show that for some gk , V ∪Z(gk) contains no element
of F. Since V ∩ Y is not dense in Y , we can let W be an open subset of the space Y with
W ⊂ Y \ V . Since U ∈ F, there exists gk = g such that Coz(g) ∩ W = ∅. Thus V ∪ Z(g)
does not meet the open set Coz(g)∩W and hence V ∪Z(g) cannot contain an element of
F. Therefore by Theorem 4.4 F is a Gabriel filter.
Example 4.6. Let X be any space and let Y be a subset of X. Let F be the filter of all open
sets that contain Y . Then F is a Gabriel filter. Again let U =⋃Coz(gk) ∈ F and let V be
an open set such that V is not in F. Then there is some y ∈ Y \ V . Clearly, since U ∈ F,
there is a g = gk such that y ∈ Coz(g). Thus y /∈ V ∪Z(g) and so V ∪Z(g) /∈ F. Therefore
by Theorem 4.4, F is Gabriel.
It is not difficult to check that the intersection of two Gabriel filters is again a Gabriel
filter. Thus we get a third class of Gabriel filters from the above two examples by taking
intersections. Next we give an example of a Gabriel filter that is not in this category.
Example 4.7. Let X be the closed unit interval and let F be the collection of open subsets
of X which are co-countable. Then F is a Gabriel filter. To see this, let V be an open subset
of X and let {gi} a collection of functions in C(X) such that U =⋃Coz(gi) ∈ F. Also
suppose that V ∪Z(gi) contains an element of F for each function gi , and yet V /∈ F. Thus
the complement of V is an uncountable set which means that it must contain a copy of the
cantor set. Denote this set by C. Since V ∪ Z(gi) contains an element of F, each Z(gi)
must contain all but countably many elements of C. However, since Z(gi) is closed, it must
therefore contain all of C. Hence U cannot contain C, which is a contradiction since we
assumed that U is in F.
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We next give an example of a filter of open sets which is not Gabriel, even though it is
similar to the previous example
Example 4.8. Let X be the closed interval and let F be the filter of all cofinite open subsets
of X. Then F is not a Gabriel filter. Let {an}n∈N be a convergent sequence in X with
limit point a. Let V = X \ A, where A = {an} ∪ {a}. Clearly V is not in F. Let gn be an
element of C(X) with zero set A \ {an}. Then U =⋃Coz(gn) = X ∈ F. On the other hand
V ∪Z(gn) is clearly in F for each n. Thus by Theorem 4.4 F is not a Gabriel filter.
In Proposition 4.9 we show that in certain cases where F is a Gabriel filter, the
localization of C(X) at the associated filter of ideals is given by a ring of partial functions
on a subspace of X.
Let F be a Gabriel filter of open sets in X and let F be its associated filter of ideals
of C(X). Then it is not difficult to see that tF (C(X)) = {f ∈ C(X): I ⊂ Z(f ) for some
I ∈ F}. Let YF denote the intersection of the closures of the elements of F. It is clear
that if f ∈ tF (C(X)), then YF ⊂ Z(f ). In particular, the kernel of the canonical map
ϕ :C(X) → C(YF) contains tF (C(X)). Moreover, if Int(YF) ∈ F, then the two ideals are
equal.
Next assume that X is a normal space, so the map ϕ :C(X) → C(Y ) is onto whenever
Y is a closed subset of X. In particular if F is a Gabriel filter on X, then the natural
map ϕ :C(X) → C(Y ), where Y = YF is onto. Using the filter F we define a filter FY of
open sets of Y by declaring U ∈ FY if U = W ∩ Y , where W ∈ F. If we suppose that
Int(Y ) ∈ F, then we claim that FY is also Gabriel. First notice that every element U of
FY contains an element of F, namely W ∩ Int(Y ), where W ∈ F and U = W ∩ Y . Now
suppose that V is an open set in Y and there is a family of functions gi defined on Y such
that
⋃
Coz(gi) ∈ FY and V ∪ Z(gi) contains an element of FY for each gi . We know that⋃
Coz(gi) contains an element of F. Hence if g′i is an extension of gi to all of X, then⋃
Coz(g′i ) ∈ F. Furthermore, if W is any open set of X such that W ∩ Y = V , it follows
that W ∪ Z(g′i ) ⊇ V ∪ Z(gi) which contains an element of F. Thus, since F is a Gabriel
filter, W ∈ F and so V ∈ FY . Whence the claim is proved.
Under these circumstances we can describe the localization of C(X) at the associated
filter of ideals in terms of partial functions on a certain topological space.
Proposition 4.9. Let F be a Gabriel filter on X where X is normal, and suppose that
Int(YF) is in F. If F is the associated filter of ideals of C(X), then
QF
(
C(X)
) CFY (YF).
Proof. Let Y = YF and let FY denote the filter of ideals of C(Y ) associated to FY .
Then FY is a Gabriel subfilter of the filter of dense ideals. Thus qFY (C(Y )) = CF(Y ) by
Theorem 4.1. Note that if the ideal J of C(Y ) is in FY , then its inverse image J = ϕ−1(I)
in C(X) is in F . This follows because ⋃g∈I Coz(g) ⊂⋃h∈J Coz(h) and if the first set is
an element of FY , then as noted, it contains an element of F. Conversely, if J ∈ F, then
(
⋃
h∈J Coz(h))∩Y is contained in
⋃
g∈ϕ(J ) Coz(g). Hence ϕ(J ) ∈ FY . Furthermore, if J is
any ideal of C(X), HomC(X)(J,C(Y ))  HomC(Y )(ϕ(J ),C(Y )) (as C(Y ) modules), since
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C(Y ) = C(X)/tF (C(X)). Therefore it follows that QF (C(X)) = qF (C(Y )) = CF(Y ).Y
Hence we have the result. 
We next show that for certain Gabriel filters F, Int(YF) ∈ F. Therefore the above result
can be applied.
Proposition 4.10. Let F be a Gabriel filter of open sets in X. Suppose that⋂F ⊂ Int(YF)
and Bd(YF) contains only finitely many accumulation points. Then Int(YF) ∈ F.
Proof. Again we denote YF by Y and let V = X \ Bd(Y ). First we will show that V ∈ F.
Since
⋂
F ⊂ Int(YF), for each b ∈ Bd(Y ) there exists I ∈ F such that b /∈ I . Thus it is clear
that for any finite subset A of Bd(Y ), the set X \ A is in F. For each b ∈ Bd(Y ), b not
an accumulation point of Bd(Y ), the set Bd(Y ) \ {b} is a closed set. Hence there exists
a family {gbi } of functions such that the intersection of the zero sets of these functions is
Bd(Y ) \ {b}. The union of the cozero sets of these families of functions over all b ∈ Bd(Y ),
b not an accumulation point, is the set X \ {accumulation points of Bd(Y )}. Since there
are only finitely many accumulation points and
⋂
F ⊂ Int(YF), this set is in F. On the
other hand, for each function gbi , V ∪ Z(gbi ) ⊇ X \ {b} ∈ F. Hence by Theorem 4.4,
V ∈ F.
Now for each U ∈ F let CU be the closure of U \ Int(Y ) and let {hUi } be a family
of functions such that
⋂
Z(hUi ) = CU Then for each U ∈ F and each hUi , we have
Int(Y ) ∪ Z(hUi ) contains U . Furthermore, since the intersection of the closures of the
elements of F is Y , we have
⋃
Coz(hUi ) contains X \ Bd(Y ) ∈ F. Hence we can again
use Theorem 4.4 to claim that Int(Y ) ∈ F. 
Before ending this section we present an example of a Gabriel filter F such that Int(YF)
is not empty and not in F.
Example 4.11. Let X be the unit square and let Y be a closed disk contained in X. Let F
be the collection of all open sets U in X such that U ∩ Bd(X) is a co-countable subset of
Bd(Y ) and Int(Y ) ⊂ U . Then clearly the intersection of the closures of the elements of F
is the set Y and Int(Y ) is not in F. The proof that this is a Gabriel filter follows just as the
proof that the filter in Example 4.7 is Gabriel.
5. Some questions
There are a few problems that arise from the above results. We have seen that subspaces
of z-good spaces need not be z-good and subspaces of z-bad spaces need not be z-bad.
However, we do not know the answers to the following.
Question 5.1. Is an open subset of a z-good space z-good? Is a dense subset of a z-good
space z-good? Is an open dense subset of a z-good space z-good?
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Remark 5.2.(1) A dense cozero subset of a space is z-good if and only if the original space is z-good.
This follows from results in [5].
(2) A dense open subset of a z-bad space can be z-good. For example, if X = D ∪ {∞}
is the one-point compactification of the uncountable discrete space D, then X is z-bad
but its dense open subset D is z-good.
We have seen in Theorem 2.1 that sometimes the product of z-good spaces is z-good.
However, we do not know if this is always the case.
Question 5.3. If X and Y are z-good, is X × Y z-good? What if Y is a metric space? If
X × Y is z-good, are both X and Y z-good?
We end with a question based on Section 5.
Question 5.4. With Propositions 4.9 and 4.10 in mind, we ask are there more generally
classes of Gabriel filters on a space X, such that the localization of C(X) at the associated
filter of ideals is given by a partial ring of functions on a subspace of X?
Added in proof. All parts of Question 5.1 have been answered in the negative by
M. Henriksen and R.G. Woods, and all parts of Question 5.3 have been answered by
G. Gruenhage.
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